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Wrr olwwoh ru wrr pxfk U)GB
Pduld M1 Doyduh}0Shodh}- dqg Fkulvwldq Jurwk--
- Ghsduwhphqwr gh Whruld h Klvwruld Hfrqrplfd/ Xqlyhuvlgdg gh Päodjd> doyduh}sCxpd1hv
-- Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq> Fku1JurwkChfrq1nx1gn
Fruuhvsrqglqj dxwkru=
Fkulvwldq Jurwk/ Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq/
Vwxglhvwudhgh 9/ GN04788/ Frshqkdjhq N/ Ghqpdun
who= +. 78, 68 65 63 5;/ id{= +. 78, 68 65 63 33
Mdqxdu| 5</ 5335
Devwudfw
Dffruglqj wr wkh uvw jhqhudwlrq prghov ri hqgrjhqrxv jurzwk edvhg rq
h{sdqglqj surgxfw ydulhw|/ wkh pdunhw hfrqrp| xqdpeljxrxvo| jhqhudwhv wrr
olwwoh U)G1 Odwhu/ e| glvhqwdqjolqj uhwxuqv wr vshfldol}dwlrq iurp wkh pdunhw
srzhu sdudphwhu/ lw zdv vkrzq wkdw zlwk vx!flhqwo| orz uhwxuqv wr vshfldo0
l}dwlrq wrr pxfk U)G fdq rffxu1 Wkh suhvhqw sdshu wdnhv d vwhs ixuwkhu/
glvhqwdqjolqj wkh pdunhw srzhu sdudphwhu iurp wkh fdslwdo vkduh lq qdo rxw0
sxw1 Zh vkrz wkdw wklv khosv qglqj wrr pxfk U)G dv zhoo1 Lq dgglwlrq/
e| glhuhqwldwlqj ehwzhhq qhw dqg jurvv uhwxuqv wr vshfldol}dwlrq lw lv ghprq0
vwudwhg zkdw gulyhv wkh glhulqj lqh!flhqf| uhvxowv lq wklv olwhudwxuh1 Wkh
ghflvlyh idfwru ehklqg h{fhvvlyh U)G lv wkh lpsolflw suhvhqfh ri qhjdwlyh h{0
whuqdolwlhv ri lqfuhdvhg vshfldol}dwlrq1 Hpslulfdoo|/ dq dgydqwdjh ri wkh pruh
jhqhudo iudphzrun lv ehwwhu djuhhphqw zlwk wkh revhuyhg ohyho ri pdunxsv dqg
wkh revhuyhg idoolqj whqghqf| ri wkh sdwhqw2U)G udwlr1
4
MHO Fodvvlfdwlrq= R66/ R74
Nh| zrugv= Hqgrjhqrxv jurzwk> Uhvhdufk dqg ghyhorsphqw> H{sdqg0
lqj surgxfw ydulhw|> Vxusoxv dssursuldelolw| sureohp> Fuhdwlyh ghvwuxfwlrq>
Rswlpdo jurzwk1

Wkh dxwkruv duh judwhixo iru ydoxdeoh frpphqwv iurp Mhdq0Sdvfdo Eh0
qdvv|/ Pduld Urvduld Fduloor/ Fodxv Wkxvwuxs Nuhlqhu/ Rpdu Olfdqgur/ [dylhu
Udxulfk/ Mrvh0Ylfwru Ulrv0Uxoo/ Fkulvwldq Vfkxow} dqg sduwlflsdqwv dw wkh Y1
Zrunvkrs rq Hfrqrplf G|qdplfv/ Yljr 5333/ wkh YL1 Hqfrqwur gh Qryrv
Lqyhvwljdgruhv gh Dqäolvh Hfrqöplfd/ Yljr 5333/ vhplqduv dw wkh Xqlyhu0
vlw| ri Frshqkdjhq dqg IHGHD/ Pdgulg/ wkh 89wk Hxurshdq Phhwlqj ri
wkh Hfrqrphwulf Vrflhw| lq Odxvdqqh/ 5334/ wkh frqihuhqfh Rog dqg Qhz
Jurzwk Wkhrulhv/ Slvd/ 5334/ dqg wkh ]hxwkhq Zrunvkrs rq Frpshwlwlrq dqg
Jurzwk/ Frshqkdjhq 53341 Pduðd Doyduh}0Shodh} wkdqnv wkh Lqvwlwxwh ri Hfr0
qrplfv/ Xqlyhuvlw| ri Frshqkdjhq/ iru wkh nlqg krvslwdolw| zkloh zrunlqj rq
wklv surmhfw1
5
4 Lqwurgxfwlrq
Wkh sxusrvh ri wklv sdshu lv wr glhuhqwldwh d ihz fhqwudo sdudphwhuv wkdw zhuh uljlgo|
olqnhg lq wkh Urphu prgho ri hqgrjhqrxv jurzwk1 Wkurxjk wklv glhuhqwldwlrq wkh
srvvlelolw| dulvhv wkdw wkh pdunhw hfrqrp| kdv wrr pxfk uhvhdufk/ dv lq wkh txdolw|
odgghu w|sh ri prghov ri hqgrjhqrxv jurzwk1 Wkh fhqwudo srlqw fdq eh vxppdul}hg
zlwk wkh khos ri wkh djjuhjdwh surgxfwlrq ixqfwlrq
t ’ #fkt
3kc f 	 k 	 c # : fc
zkhuh  lv d phdvxuh ri wkh ohyho ri whfkqlfdo nqrzohgjh lq vrflhw| ru wkh vwrfn
ri hqjlqhhulqj sulqflsohv wkdw jurzv wkurxjk uhvhdufk1 Hdfk xqlw ri nqrzohgjh
fruuhvsrqgv wr d ghvljq ri d vshfldol}hg fdslwdo jrrg1 Wkh sdudphwhu # fdswxuhv wkh
uhwxuqv wr vshfldol}dwlrq/ l1h1/ wkh ghjuhh wr zklfk vrflhw| ehqhwv iurp vshfldol}lqj
surgxfwlrq lq dq lqfuhdvlqj qxpehu ri eudqfkhv1 t lv wkh oderu lqsxw/ dqg f lv d
FHV djjuhjdwh ri txdqwlwlhv/ %c ri vshfldol}hg fdslwdo jrrgv=
f ’ E


[
'
%
0

0 c f 	 0 	 c
zkhuh 0 fdq eh fdoohg wkh vxevwlwxwlrq sdudphwhu1
Wkh ruljlqdo Urphu +4<<3, duwlfoh kdg lpsolflwo| wkh wkuhh sdudphwhuv olqnhg
e| # ’   k dqg 0 ’ k Dv d uhvxow/ wkh prgho kdg wkh sduwlfxodu ihdwxuh wkdw
wkh dprxqw ri uhvhdufk lv dozd|v lqvx!flhqw1 Lq odwhu duwlfohv Ehqdvv| +4<<;, dqg
Jurrw dqg Qdkxlv +4<<;, vkrzhg wkdw li # dqg k duh fkrvhq lqghshqghqwo|/ wkhq
wrr pxfk uhvhdufk fdq rffxu li # lv vx!flhqwo| orz41 Wkh suhvhqw sdshu vkrzv wkdw
glhuhqwldwlqj ehwzhhq 0 dqg k khosv qglqj wrr pxfk uhvhdufk dv zhoo1 Ixuwkhu/
e| glhuhqwldwlqj ehwzhhq qhw dqg jurvv uhwxuqv wr vshfldol}dwlrq zh duh deoh wr
ghprqvwudwh zkdw lw lv wkdw gulyhv wkh glhulqj lqh!flhqf| uhvxowv lq wklv olwhudwxuh1
Hpslulfdoo|/ dq dgydqwdjh ri wkh pruh jhqhudo iudphzrun lv ehwwhu djuhhphqw zlwk
wkh revhuyhg ohyho ri pdunxsv dqg wkh revhuyhg idoolqj whqghqf| ri wkh sdwhqw2U)G
udwlr1
Wklv sdshu dovr frqvlghuv zkhwkhu wkh sdudphwhu vhsdudwlrqv dqg doorzdqfh ri d
orw ri lqfuhdvlqj uhwxuqv frq lfw zlwk vx!flhqw frqglwlrqv iru dq rswlpdo vroxwlrq
4Rq wkh idfh ri lw/ qhlwkhu wkh Ehqdvv| ru wkh Jurrw dqg Qdkxlv sdshu pljkw vhhp wr w lqwr
wklv iudphzrun vlqfh wkh| duh edvhg rq wkh Jurvvpdq dqg Khospdq +4<<4d, h{sdqglqj frqvxphu
jrrgv ydulhw| prgho zlwkrxw sk|vlfdo fdslwdo1 Dv zh vkdoo vhh/ krzhyhu/ wkh uhgxfhg irup ri wkhlu
+hvvhqwldoo| lghqwlfdo, prghov fruuhvsrqgv h{dfwo| wr wkh fdvh % @ =
6
wr wkh vrfldo sodqqhu*v sureohp dqg zkhwkhu xqltxhqhvv ri wklv vroxwlrq dqg ri wkh
pdunhw vroxwlrq dozd|v krogv1
Rq rqh srlqw rxu prgho kdv vlplodulw| zlwk wkh Fkdswhu08 yhuvlrq ri wkh lqfuhdv0
lqj ydulhw| prgho lq Jurvvpdq dqg Khospdq +4<<4e,1 Wkdw prgho dovr lpsolhv d
vhsdudwlrq ri wkh vxevwlwxwlrq sdudphwhu iurp wkh fdslwdo vkduh lq pdqxidfwxulqj1
Exw wkh h{sdqglqj surgxfw ydulhw| ihdwxuh lv olplwhg wr qrq0gxudeoh lqwhuphgldwh
jrrgv/ dqg uhwxuqv wr vshfldol}dwlrq duh lpsolflwo| jlyhq dv d ixqfwlrq ri wkh vkduh
ri wkhvh lqwhuphgldwh jrrgv dqg wkh pdunxs sdudphwhu1 Wklv ohdgv wr wkh uhds0
shdudqfh ri wkh Urphu uhvxow wkdw wkhuh lv dozd|v wrr olwwoh U)G jhqhudwhg xqghu
odlvvh}0idluh1
Rxu sdshu lv uhodwhg wr Mrqhv dqg Zlooldpv +5333, zkr dovr/ lq d prgho ri vhpl0
hqgrjhqrxv jurzwk/ dprqj rwkhu wklqjv orrvhq wkh xvxdo sdudphwhu olqnv1 Exw wklv
lv grqh rqo| kdoizd|/ dqg wkh wkuhh fhqwudo hqwlwlhv  uhwxuqv wr vshfldol}dwlrq/ pr0
qrsrolvw pdunxs/ dqg fdslwdo vkduh  duh vwloo olqnhg lq dq duelwudu| zd|1 Wkh irfxv
lv qrw rq wkh dqdo|wlfdo uhodwlrqvklsv rshqhg xs e| sdudphwhu vhsdudwlrqv/ exw rq
fdoleudwlqj wkh prgho iru wkh XV hfrqrp|1 Wkh frqfoxvlrq lv wkdw wkh ghfhqwudol}hg
hfrqrp| ydvwo| xqghulqyhvwv lq U)G uhodwlyh wr zkdw lv vrfldoo| rswlpdo1 Vwrnh|
+4<<8,/ zklfk lv d sdshu lq wkh txdolw| odgghu wudglwlrq/ lv ohvv up derxw wklv
pdwwhu1
Wkh uhpdlqghu ri wkh suhvhqw sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv
wkh hohphqwv ri rxu h{whqghg Urphu prgho1 Vhfwlrq 6 frqvlghuv wkh frqwuro sureohp
ri wkh vrfldo sodqqhu dqg fkdudfwhul}hv lwv vroxwlrq1 Vhfwlrq 7 hpehgv wkh hfrqrplf
v|vwhp lqwr d pdunhw hfrqrp|1 Lq dgglwlrq/ wklv vhfwlrq vkrzv krz glhuhqw frq0
wulexwlrqv wr wkh olwhudwxuh fdq eh vhhq dv vshfldo fdvhv ri wkh prgho1 Lq Vhfwlrq 8
zh frpsduh wkh edodqfhg jurzwk surshuwlhv ri wkh pdunhw hfrqrp| zlwk wkrvh ri
wkh vrfldo rswlpxp1 Vhfwlrq 9 uhodwhv wkh prgho wr wkh hpslulfv ri pdunxsv dqg wkh
wuhqg ri wkh sdwhqw2U)G udwlr1 Ilqdoo|/ Vhfwlrq : frqfoxghv1
5 Hohphqwv ri wkh hfrqrp|
Wkh hfrqrp| lv srsxodwhg e| d frqvwdqw qxpehu/ u/ ri lqqlwho| olyhg lghqwlfdo
krxvhkrogv zlwk frqvwdqw vl}h1 Hdfk krxvhkrog vxssolhv rqh xqlw ri oderu lqhodvwl0
7
fdoo|1 Wkhlu suhihuhqfhv fdq eh uhsuhvhqwhg e| d glvfrxqwhg xwlolw| ixqfwlrq/
Lf ’
]
"
f
e34|
S3w  
 w _|c 4 : fc w : fc +514,
zkhuh S lv frqvxpswlrq dw wlph |c w lv wkh hodvwlflw| ri pdujlqdo xwlolw|/ dqg 4 lv wkh
udwh ri wlph suhihuhqfh 5
Wkh hfrqrp| kdv wzr surgxfwlrq vhfwruv= wkh edvlf0jrrgv +ru pdqxidfwxulqj,
vhfwru dqg wkh vshfldol}hg fdslwdo0jrrgv vhfwru1 Lq wkh edvlf0jrrgv vhfwru/ oderu
dqg vshfldol}hg fdslwdo jrrgv duh wkh lqsxwv wr surgxfh wkh djjuhjdwh rxwsxw/ t /
dffruglqj wr wkh surgxfwlrq ixqfwlrq suhvhqwhg lq wkh lqwurgxfwlrq1 Lw lv uhshdwhg
khuh iru frqyhqlhqfh=
t ’ #fkt
3kc f 	 k 	 c # : f +515,
Wkh whfkqlfdo ghvljqv dqg wkh fruuhvsrqglqj vshfldol}hg fdslwdo jrrgv duh qxpehuhg
fkurqrorjlfdoo|/  ’ c 2c c  Wkh sdudphwhu # fdswxuhv wkh ghjuhh wr zklfk vrflhw|
ehqhwv iurp vshfldol}lqj surgxfwlrq lq dq lqfuhdvlqj qxpehu ri eudqfkhv61 Hdfk
qhz eudqfk fruuhvsrqgv wr d qhz ghvljq/ wkdw lv d qhz vshfldol}hg fdslwdo jrrg1 Wkh
frpsrvlwh idfwru f lv jlyhq e|
f ’ E


[
'
%
0

0 c f 	 0 	  +516,
Wkxv wkh h{lvwlqj vshfldol}hg fdslwdo jrrgv h{klelw d frqvwdqw +gluhfw, hodvwlflw| ri
vxevwlwxwlrq jlyhq e| 
30
:  lpso|lqj wkdw qr vshfldol}hg fdslwdo jrrg lv hvvhqwldo1
D kljkhu 0 lqglfdwhv odujhu vxevwlwxwdelolw| ehwzhhq wkh vshfldol}hg fdslwdo jrrgv>
khqfh/ zh fdoo 0 wkh vxevwlwxwlrq sdudphwhu1 Qrwlfh wkdw +516, lqvhuwhg lqwr +515,
vkrzv wkh vshfldol}hg fdslwdo jrrgv wr eh frpsohphqwv lq wkh surgxfwlrq ri edvlf
jrrgv E Y
2t
Y%Y%
: f li k : 0 dqg wr eh vxssohphqwv E Y
2t
Y%Y%
	 f li k 	 0
Wkh rxwsxw ri edvlf jrrgv lv xvhg iru frqvxpswlrq/   Su/ dqg lqyhvwphqw lq
udz fdslwdo1 Wkh vwrfn ri udz fdslwdo g fkdqjhv dffruglqj wr
g ’ t    Bgc B  fc gEf ’ gfc +517,
zkhuh d grw ryhu d yduldeoh vljqlhv wkh ghulydwlyh zlwk uhvshfw wr wlph |c B lv wkh
fdslwdo ghsuhfldwlrq udwh/ dqg gf lv d jlyhq srvlwlyh qxpehu1
5Lq fdvh  @ 4> wkh h{suhvvlrq f
4
4
4
vkrxog eh lqwhusuhwhg dv oq f=
6Pruh suhflvho|/  lv qhw uhwxuqv wr vshfldol}dwlrq/ fi1 Vhfwlrq 8151
8
Lq wkh vshfldol}hg fdslwdo0jrrgv vhfwru/ zklfk lv dovr wkh lqqrydwlyh vhfwru/ d xqlw
ri udz fdslwdo fdq lpphgldwho| eh wudqviruphg wr d vshfldol}hg fdslwdo jrrg rq wkh
edvlv ri d jlyhq whfkqlfdo ghvljq1 Wkh qxpehu ri qhz ghvljqv fuhdwhg shu wlph
xqlw lv dvvxphg sursruwlrqdo wr uhvhdufk zrun1 Dqg uhvhdufk h!flhqf| lv dvvxphg
sursruwlrqdo wr wkh h{lvwlqj vwrfn ri nqrzohgjh/ phdvxuhg e| +wklv lv wkh vwdqglqj0
rq0vkrxoghuv hhfw/ dovr suhvhqw lq Urphu 4<<3/ Ehqdvv| 4<<;/ dqg Jurrw dqg Qdkxlv
+4<<;,1 Khqfh/ ljqrulqj lqglylvlelolw|/
 ’ c  : fc Ef ’ fc +518,
zkhuh f lv d jlyhq srvlwlyh qxpehu/  lv d surgxfwlylw| sdudphwhu/ dqg  lv
djjuhjdwh uhvhdufk zrun1 Ilqdoo|/ zlwk ixoo hpsor|phqw/
t n ’ u +519,
Ehfdxvh ri wkh vwulfw frqfdylw| ri f lq % dqg wkh v|pphwulf frvw vwuxfwxuh/
vwdwlf h!flhqf| uhtxluhv % ’ % iru  ’ c 2c 1
7 Khqfh/ dvvxplqj vwdwlf h!flhqf|/
f ’ % iurp +516,1 Ixuwkhu/ wkh vwrfn ghpdqg iru udz fdslwdo fdq eh zulwwhq %
dqg zkhq ghpdqg htxdov vxsso| zh kdyh
f ’ % ’ g +51:,
Lqvhuwlqj lqwr +515, wklv jlyhv rxwsxw ri edvlf jrrgv dv
t ’ #gkt
3k +51;,
D ihdvleoh sdwk Egccc tct c 
"
|'f lv fdoohg d vwhdg| vwdwh li gcc c dqg t
duh vwulfwo| srvlwlyh dqg jurz dw frqvwdqw wkrxjk qrw qhfhvvdulo| htxdo +ru srvlwlyh,
udwhv1 Ohw wkh udwh ri jurzwk ri d vwulfwo| srvlwlyh yduldeoh % eh ghqrwhg }%c l1h1/
}%  %*% Ohw  eh wkh iudfwlrq ri wrwdo oderu vxsso| hpsor|hg lq wkh edvlf0jrrgv
vhfwru/ l1h1/ t  uc f    1 E| +518,/ }  f dozd|v1
Ohppd 4 +l, Lq d vwhdg| vwdwh zlwk } ’ 7}c  ’   7}u c d frqvwdqw1 Pruhryhu/
f 	    dqg f  7} 	 u +ll, Li/ lq dgglwlrq/ t*g lv frqvwdqw8/ wkhq }S ’ }t ’
}g  7} ’ #3k7}
Surri1 Vhh Dsshqgl{ ;141
7Wkhuhiruh/ revrohvfhqfh ri rog fdslwdo jrrgv qhyhu rffxuv1
8D vwhdg| vwdwh frpprqo| kdv frqvwdqw \@N= Exw wkhuh lv dq h{fhswlrq1 Li L @ 3> l1h1/ F @ \
dqg jN @ > wkhq/ e| +51;,/ jF @ j\ @ jD . jN @ jD   A  zkhq  A 3> khqfh/ \@N
lqfuhdvhv=
9
6 Wkh vrfldo rswlpxp
Wkh vrfldo sodqqhu zloo ri frxuvh hqvxuh vwdwlf h!flhqf|1 Wkhuhiruh/ lq wkh vrfldo
rswlpxp/ rxwsxw ri edvlf jrrgv lv jlyhq e| +51;,1 Wkh vrfldo sodqqhu fkrrvhv d sdwk
ESct 
"
|'f wr pd{lpl}h Lf vxemhfw wr +517,/ +518,/ +519,/ +51;,/ dqg wkh qrq0qhjdwlylw|
uhtxluhphqwv= cg  f iru doo |  f
Iurp wkh uvw rughu frqglwlrqv iru dq lqwhulru vroxwlrq zh qg +vhh dsshqgl{ ;14,
wkh udwh ri jurzwk ri frqvxpswlrq wr eh9
}WS ’

w
E
#
 ku 4 +614,
Khqfh/ wkh rswlpxp udwh ri jurzwk grhv qrw ghshqg rq wkh vxevwlwxwlrq sdudphwhu
0> wklv sdudphwhu jhwv d uroh rqo| wkurxjk wkh pdunhw irufhv frqvlghuhg lq wkh qh{w
vhfwlrq1 Krzhyhu/ dq lqfuhdvh lq wkh uhwxuqv wr vshfldol}dwlrq sdudphwhu/ #/ udlvhv
wkh ghjuhh wr zklfk vrflhw| ehqhwv iurp qhz lqyhqwlrqv/ zklfk ohdgv wr dq lqfuhdvh
lq }WS 1 Lq dgglwlrq/ wkh lqyhuvh ri wkh oderu vkduh lq pdqxidfwxulqj rxwsxw dfwv
dv d pxowlsolhu wudqviruplqj uhwxuqv wr vshfldol}dwlrq lqwr dq hodvwlflw| ri oderu
h!flhqf| zlwk uhvshfw wr whfkqlfdo nqrzohgjh1 Jlyhq #c wklv hodvwlflw| ghfuhdvhv
zkhq wkh oderu vkduh lq rxwsxw/ kc lqfuhdvhv/ wkhuhe| orzhulqj wkh jurzwk udwh lq
d vwhdg| vwdwh1 Pruhryhu/ wkh kljkhu lv wkh ghvluh iru vprrwklqj frqvxpswlrq +kljkhu
w, dqg wkh kljkhu lv wkh udwh ri lpsdwlhqfh +odujhu 4,/ wkh vpdoohu lv }WS 1 Lq dgglwlrq/
wkh jurzwk udwh lqfuhdvhv zlwk wkh vl}h ri srsxodwlrq> wklv lv wkh zhoo0nqrzq/ wkrxjk
frqwuryhuvldo:/ vfdoh hhfw ri U)G0edvhg hqgrjhqrxv jurzwk prghov1
Lq wkh ghulydwlrq ri wkh h{suhvvlrq iru }WS deryh/ dq lqwhulru vwhdg| vwdwh lv suh0
vxssrvhg;1 Wkdw lv/ wkh lqhtxdolwlhv f 	 }WS 	 #u*E  k duh suhvxssrvhg +wkh
vhfrqg lqhtxdolw| dulvlqj iurp +ll, ri Ohppd 4 frpelqhg zlwk +518,,1 Xvlqj +614,/
zh vhh wkdw }WS 	 #u*E k krogv li dqg rqo| li
4 : E w #
 kuc +D4,
dqg }WS : f krogv li dqg rqo| li
4 	
#
 ku +D5,
9Yduldeohv ghvfulelqj wkh vrfldo sodqqhu*v vroxwlrq duh pdunhg e| =
:Fi1 Mrqhv +4<<8,1
;D vwhdg| vwdwh zlwk srvlwlyh hpsor|phqw lq erwk vhfwruv lv fdoohg dq lqwhulru vwhdg| vwdwh1
:
Wkh frqfoxvlrq lv wkdw/ jlyhq D4 dqg D5/ wkhuh h{lvwv d xqltxh vwhdg| vwdwh</
dqg lw vdwlvhv f 	 }WS 	
#
3k
u Wkh vwhdg| vwdwh lv vdggohsrlqw vwdeoh/ lpso|lqj
h{lvwhqfh dqg xqltxhqhv ri d frqyhujlqj sdwk> ixuwkhu/ wklv sdwk lv lqghhg dq rswlpdo
vroxwlrq +Dsshqgl{ ;14,431
Li/ krzhyhu/ D4 lv ylrodwhg/ wkh udwh ri wlph suhihuhqfh lv vr vpdoo wkdw wkh v|vwhp
fdqqrw dyrlg wkh whpswdwlrq wr vshfldol}h lq U)G dfwlylw| iruhyhu +wkxv srvwsrqlqj
surgxfwlrq ri frqvxpswlrq jrrgv iruhyhu,> lq wklv fdvh qr rswlpdo vroxwlrq h{lvwv1
Rq wkh rwkhu kdqg/ li D5 lv ylrodwhg/ wkhq lpsdwlhqfh lv vr odujh wkdw wkhuh zloo eh
qr U)G dfwlylw| dqg qr jurzwk lq d vwhdg| vwdwh1 Wkh irupxod +614, lv qr orqjhu
ydolg> lqvwhdg/ wkh vwhdg| vwdwh vroxwlrq ri wkh prgho zloo eh olnh wkdw ri d vwdqgdug
rqh0vhfwru Udpvh| prgho zlwkrxw whfkqlfdo surjuhvv441
Qrz/ zh zloo hpehg wkh hfrqrplf v|vwhp lq d pdunhw hfrqrp|1 Dsduw iurp wkh
pruh jhqhudo vshflfdwlrqv ri whfkqrorj|/ wkh vhw0xs lv vlplodu wr Urphu +4<<3,1
7 Wkh pdunhw hfrqrp|
714 Djhqwv
Wkh uhsuhvhqwdwlyh up lq wkh edvlf jrrgv vhfwru uhqwv oderu dw wkh zdjh  dqg
vshfldol}hg fdslwdo jrrgv dw wkh uhqwdo udwh -c  ’ c 2c c  Xvlqj edvlf jrrgv dv
rxu qxphudluh/ surw pd{lpl}dwlrq xqghu shuihfw frpshwlwlrq |lhogv
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Iurp +715, zh fdq h{suhvv wkh ghpdqg iru wkh vshfldol}hg fdslwdo jrrg  frqglwlrqdo
rq d jlyhq f dvG
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<Zh ghqh xqltxhqhvv ri d vwhdg| vwdwh wr eh suhvhqw li/ jlyhq wkh sdudphwhuv
+> %> > > > > > O,> wkhuh h{lvwv rqo| rqh sdlu +jf> \@N, zklfk lv frqvlvwhqw zlwk wkh vwhdg| vwdwh
frqglwlrqv1
43Lq ylhz ri wkh sdudphwhu vhsdudwlrqv pdgh +doorzlqj pruh qrq0frqyh{lwlhv wkdq xvxdo, h{0
lvwhqfh dqg xqltxhqhvv zhuh qrw reylrxv ehiruhkdqg1
44Dv lv zhoo0nqrzq/ dovr wklv vwhdg| vwdwh lv xqltxh1
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0 lv wkh lghdo sulfh lqgh{ iru f +wkh plqlpxp frvw shu
xqlw ri f,1
Wkh vxsso| ri hdfk vshfldol}hg fdslwdo jrrg lv ghflghg e| wkh up wkdw lqyhqwhg
wkh ghvljq iru wkh fdslwdo jrrg lq txhvwlrq/ l1h1/ up  vxssolhv fdslwdo jrrg ydulhw| 1
Wkh upv jhw frpshqvdwhg iru wkh vxqn uhvhdufk frvw wkurxjk uhwhqwlrq ri prqrsro|
srzhu ryhu wkh frpphufldo xvh ri wkh lqyhqwlrq dqg wklv prqrsro| srzhu lv vxssruwhg
e| sdwhqwv ri lqqlwh gxudwlrq451 Jlyhq ghvljq c wr gholyhu %E xqlwv ri fdslwdo jrrg
c lw wdnhv %E xqlwv ri udz fdslwdo1 Dw hdfk lqvwdqw ri wlph/ up c idflqj wkh ghpdqg
fxuyh +716, dqg wdnlqj f dqg - dv jlyhq/ vhwv wkh uhqwdo udwh - vr wkdw fxuuhqw
surw Z  -%  Eo n B% lv pd{lpl}hgc
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Eo n Bc +717,
zkhuh o lv wkh uhdo udwh ri lqwhuhvw1 Vpdoohu 0 +lqglfdwlqj ohvv vxevwlwxwdelolw| ehwzhhq
vshfldol}hg fdslwdo jrrgv, jlyhv odujhu prqrsro| srzhu wr wkh vxssolhuv ri vshfldol}hg
fdslwdo jrrgv1
Vlqfh/ e| +717,/ doo upv lq wkh vshfldol}hg fdslwdo0jrrgv vhfwru vhw wkh vdph
uhqwdo sulfh -  
0
Eon B/ wkh| vxsso| wkh vdph txdqwlw|/ %/ dqg wkh| hduq wkh vdph
surw
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Wkh htxloleulxp ydoxh ri d sdwhqw lv jlyhq e| wkh suhvhqw glvfrxqwhg ydoxh ri wkh
uhyhqxh wkdw wkh sdwhqw jhqhudwhv
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Glhuhqwldwlqj wklv h{suhvvlrq zlwk uhvshfw wr | +xvlqj Ohleql}* uxoh, |lhogv wkh qr0
duelwudjh frqglwlrq
Z n R
R
’ oc +71:,
l1h1/ wkh uhwxuq rq d sdwhqw pxvw eh htxdo wr wkh uhwxuq rq fdslwdo1
Wkhuh lv iuhh hqwu| wr uhvhdufk dfwlylw|1 Uhvhdufk lv grqh e| qhz upv zdqwlqj wr
hqwhu wkh vshfldol}hg fdslwdo0jrrgv vhfwru1 Jlyhq wkh lqyhqwlrq surgxfwlrq ixqfwlrq
45Dw lqlwldo wlph/ w @ 3> wkh qxpehu ri upv/ D+3,> lv odujh hqrxjk vr wkdw hdfk up*v dfwlrq lv
qhjoljleoh lq wkh djjuhjdwh hfrqrp|1
<
+518,/ wkh ydoxh ri wkh pdujlqdo surgxfw ri oderu lq uhvhdufk lv R Khqfh/ surw
pd{lpl}dwlrq vxemhfw wr +518, hqwdlov/ lq htxloleulxp/
 @ R/ zlwk @ li  : f +71;,
Rqfh d qhz whfkqlfdo ghvljq kdv ehhq lqyhqwhg/ d sdwhqw lv wdnhq rxw dqg wkh
qhz up vwduwv vxsso|lqj wkh fruuhvsrqglqj qhz vshfldol}hg fdslwdo jrrg1 Dowkrxjk
wkh uljkw wr vxsso| d vshflf fdslwdo jrrg lv sdwhqwhg/ hyhu|erg| kdv dffhvv wr wkh
vflhqwlf sulqflsoh ehklqg wkh qhz ghvljq/ l1h1/ whfkqlfdo nqrzohgjh lv frqvlghuhg rqo|
sduwldoo| h{foxgdeoh1 Lq rwkhu zrugv/ e| lqfuhdvlqjc uhvhdufk dfwlylw| kdv d srvlwlyh
h{whuqdo hhfw rq wkh surgxfwlylw| ri ixwxuh uhvhdufk dfwlylw|461 Lq dgglwlrq/ uhvhdufk
dfwlylw| kdv d srvlwlyh ryhudoo hhfw rq wrwdo idfwru surgxfwlylw| lq pdqxidfwxulqj
+wkurxjk wkh whup # lq +51;,,1
Krxvhkrogv frqvxph dqg vdyh/ dqg vdylqjv fdq eh hlwkhu lq fdslwdo ru lq vkduhv ri
wkh prqrsro| upv1 Ilqdqfldo zhdowk ri wkh uhsuhvhqwdwlyh krxvhkrog lv   gnR
u
1
Wkh krxvhkrog pdnhv d sodq ES"|'f wr pd{lpl}h Lf vxemhfw wr
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 ’ fc +71<,
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zkhuh f lv d jlyhq qxpehu/ dqg wkh odvw frqvwudlqw lv wkh qr0Srq}l0jdph frqglwlrq1
Qhfhvvdu| dqg vx!flhqw frqglwlrqv iru d vroxwlrq duh wkdw wkh Nh|qhv0Udpvh| uxoh/
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Eo  4c +7144,
dqg wkh wudqvyhuvdolw| frqglwlrq/
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krog iru doo |  f1
715 Jhqhudo htxloleulxp
Fohdulqj frqglwlrqv lq wkh fdslwdo dqg oderu pdunhwv hqwdlo= g ’ f ’ %/ u ’
 n t 1 Zh ghqh wkh hhfwlyh fdslwdo0oderu udwlr lq wkh edvlf0jrrgv vhfwru dv
46Hdfk uhvhdufk up lv vpdoo dqg wkhuhiruh shufhlyhv/ fruuhfwo|/ lwv frqwulexwlrq wr djjuhjdwh bD
wr eh sudfwlfdoo| qhjoljleoh1
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&  g*E #3kuc zkhuh  lv wkh iudfwlrq ri wrwdo oderu vxsso| hpsor|hg lq wkh
edvlf0jrrgv vhfwru1 Wkhq
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Rxwsxw shu xqlw ri hhfwlyh oderu lq wkh edvlf0jrrgv vhfwru lv +  t*E #3ku
’ &k Zlwk wkhvh ghqlwlrqv dqg wkh fohdulqj frqglwlrqv wrjhwkhu zlwk +714,/ +715,/
dqg +717,/ zh kdyh
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Li  	 c l1h1/  : f/ wkhq  dovr htxdov wkh ydoxh ri wkh pdujlqdo surgxfw ri
oderu lq uhvhdufk vr wkdw +71;, uhgxfhv wr  ’ R Wklv wrjhwkhu zlwk +7147, jlyhv
wkh pdunhw ydoxh ri d sdwhqw dv
R ’
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3k  +7149,
Wr vxppdul}h/ d shuihfw iruhvljkw htxloleulxp/ khqfhiruwk mxvw dq htxloleulxp/
iru wklv pdunhw hfrqrp| lv d sdwk iru sulfhv dqg txdqwlwlhv vxfk wkdw iru doo |  f=
+l, frqvxphuv pd{lpl}h glvfrxqwhg xwlolw|/ l1h1/ wkh| vdwlvi| wkh Nh|qhv0Udpvh| uxoh
dqg wkh wudqvyhuvdolw| frqglwlrq/ wdnlqj wkh sdwk ri lqwhuhvw udwhv dqg zdjh udwhv
dv jlyhq> +ll, edvlf0jrrgv surgxfhuv pd{lpl}h surwv fkrrvlqj lqsxwv ri oderu dqg
d olvw ri vshfldol}hg fdslwdo jrrgv wdnlqj wkh sulfhv ri wkhvh lqsxwv dv jlyhq> +lll,
hdfk up lq wkh vshfldol}hg fdslwdo0jrrgv vhfwru fkrrvhv d uhqwdo sulfh wr pd{lpl}h
surwv/ wdnlqj dv jlyhq wkh lqwhuhvw udwh dqg wkh grzqzdug0vorslqj ghpdqg fxuyh lw
idfhv/ +ly, U)G dfwlylw| wdnhv sodfh rqo| zkhq +71;, krogv zlwk htxdolw|> +y, lq hdfk
pdunhw/ wkh vxsso| lv htxdo wr wkh ghpdqg1 Dq lqwhulru htxloleulxp lv dq htxloleulxp
vxfk wkdw doo |  f/ f 	  	  +wkhuh lv srvlwlyh hpsor|phqw lq erwk vhfwruv,1
716 Vwhdg| vwdwh
Lq Dsshqgl{ ;15 wkh jurzwk udwh ri frqvxpswlrq lq dq lqwhulru vwhdg| vwdwh lv vkrzq
wr eh
}S ’
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4
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#
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E k  +714:,
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Wklv irupxod suhvxssrvhv wzr sdudphwhu uhvwulfwlrqv1 Iluvw/ wkh wudqvyhuvdolw| frq0
glwlrq +7145, zloo eh vdwlvhg li dqg rqo| li
4 :
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 0k
#
 kE 0ku +D6,
Li wklv grhv qrw krog/ wkhq wkh udwh ri wlph suhihuhqfh lv vr vpdoo wkdw wkh pdunhw
hfrqrp| whqgv wr jurz dw d udwh deryh wkh lqwhuhvw udwh/ dqg krxvhkrog zhdowk whqgv
wr lqqlw|/ wkxv ylrodwlqj wkh htxloleulxp dvvxpswlrq1
Dq htxdoo| lpsruwdqw sdudphwhu uhvwulfwlrq frphv iurp wkh lqwhulrulw| frqglwlrq
 	  +ru } : f zklfk krogv li dqg rqo| li
4 	

 kE 0ku +D7,
Li/ krzhyhu/ D7 lv ylrodwhg/ wkhq lpsdwlhqfh lv vr odujh wkdw U)G dfwlylw| dqg jurzwk
fdqqrw eh vxssruwhg lq d vwhdg| vwdwh htxloleulxp1 Lq wklv fdvh wkh vwhdg| vwdwh
vroxwlrq ri wkh prgho lv olnh wkdw ri d rqh0vhfwru prgho zlwkrxw whfkqlfdo surjuhvv1
Dovr wklv }hur0jurzwk vwhdg| vwdwh lv xqltxh +vlqfh t
g
’ 
k0
Eon B ’ 4nB
k0
iurp +7148,
dqg +7144,,1
Revhuyh wkdw wkh sdudphwhu uhvwulfwlrq D7/ qrw frqwdlqlqj hlwkhu # ru wc lv ri d
txlwh glhuhqw qdwxuh frpsduhg wr D5 ri wkh suhylrxv vhfwlrq471 Rq wkh rwkhu kdqg/
li D4 lv dvvxphg/ zh grq*w kdyh wr zruu| derxw D61 Lqghhg=
Ohppd 5 +l, D4 lpsolhv D6> +ll, D6 dqg D7 lpso| wkdw   0k : E  w#> +lll,
D4 dqg D6 duh vdwlvhg dxwrpdwlfdoo| zkhq w  1
Surri1 Vhh Dsshqgl{ ;15
Wkh lpsolfdwlrq ri +ll, ri wkh ohppd lv wkdw/ wdnhq wrjhwkhu/ D6 dqg D7 uxoh rxw
wkh srvvlelolw| ri d qrq0srvlwlyh ghqrplqdwru lq +714:,1
Wkh frqfoxvlrq lv wkdw/ jlyhq D6 dqg D7/ wkhuh h{lvwv d xqltxh vwhdg| vwdwh/ dqg
lw vdwlhv f 	 }S 	 E  0ku*E  0k1 Wkh vwhdg| vwdwh fdq eh vkrzq wr eh
vdggohsrlqw vwdeoh/ dw ohdvw zlwklq wkh hpslulfdoo| uhohydqw grpdlq ri wkh sdudphwhu
vsdfh +vhh Dsshqgl{ ;15,1
Iurp h{suhvvlrq +714:, iroorzv wkdw uhwxuqv wr vshfldol}dwlrq/ #c wkh udwh ri lp0
sdwlhqfh/ 4c wkh ghvluh iru frqvxpswlrq vprrwklqj/ wc dqg wkh vl}h ri srsxodwlrq/
u/ dhfw wkh jurzwk udwh txdolwdwlyho| dv lq wkh vrfldo rswlpxp +wkh ghulydwlrqv
47Wkh lpsolfdwlrqv ri wklv duh odlg rshq lq Vhfwlrq 81
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duh lq dsshqgl{ ;15,1 Qhz ihdwxuhv duh/ krzhyhu/ uvw/ wkdw wkh fdslwdo vkduh sd0
udphwhu k dhfwv jurzwk wkurxjk dq dgglwlrqdo fkdqqho frpsduhg zlwk wkh vrfldo
rswlpxp1 Lqghhg/ wkh kljkhu lv k/ wkh orzhu lv wkh zdjh vkduh lq pdqxidfwxulqj/
  k/ zklfk/ jlyhq wkh idfwru sulfhv/ lpsolhv ohvv urrp iru surwdeoh hpsor|phqw
lq wkh pdqxidfwxulqj vhfwru481 Wkhuhe| pruh ri wkh {hg oderu irufh lv dydlodeoh iru
hpsor|phqw lq uhvhdufk/ dqg jurzwk lv hqkdqfhg1 Wkh vhfrqg qhz ihdwxuh lv wkdw
wkh jurzwk udwh ri wkh pdunhw hfrqrp| ghshqgv +qhjdwlyho|, rq wkh vxevwlwxwlrq
sdudphwhu 0 zklfk wkh vrfldo rswlpxp glg qrw1 Zkhq vshfldol}hg fdslwdo0jrrgv duh
forvh vxevwlwxwhv +0 kljk/ wkh pdunxs ryhu pdujlqdo frvw lq wkh vshfldol}hg fdslwdo0
jrrgv vhfwru ehfrphv orz/ pdnlqj lqyhqwlrqv ri qhz ghvljqv ohvv surwdeoh/ wkhuhe|
uhgxflqj jurzwk1 Wkhvh wzr qhz ihdwxuhv frph iurp hhfwv rq sulydwh lqfhqwlyhv1
717 Hduolhu frqwulexwlrqv dv vshfldo fdvhv
Wkh Urphu +4<<3, prgho lv vlpso| wkh fdvh # ’ kc dqg 0 ’ k49 Wkh uhvwulfwlrq
# ’   k kdv wkh lpsolfdwlrq wkdw wkh ydoxh R ri d sdwhqw dqg wkh vl}h % ri wkh
pdunhw iru d vshflf fdslwdo jrrg vwd| frqvwdqw lq d vwhdg| vwdwh1 Wr frpsduh/
li # B   k/ uhvshfwlyho|/ wkhq R dqg % zrxog lqfuhdvh2ghfuhdvh/ uhvshfwlyho|/ fi1
+7149, dqg +7146,1 Wkh fdvh # ’   k lv dovr d ehqfkpdun fdvh lq wkh vhqvh wkdw
lw lpsolhv wkdw dorqj d vwhdg| vwdwh sdwk hyhu| qhz lqyhqwlrq ohdyhv surwv Z ri
wkh vlqjoh prqrsro| up xqfkdqjhg> li/ krzhyhu/ # B   k/ uhvshfwlyho|/ wkhq Z
lqfuhdvhv2ghfuhdvhv iru hyhu| qhz lqyhqwlrq dv vkrzq e| +718,/ +7146,/ dqg +7148,1
Rqh sureohp zlwk wkh uhvwulfwlrq 0 ’ k +dovr suhvhqw lq Eduur dqg Vdod0l0Pduwlq/
4<<8/ Fkdswhu 9, lv wkdw lw eoxuv wkh srvlwlyh hhfw rq jurzwk ri dq lqfuhdvh lq wkh
prqrsrolvw pdunxs1 Wkh uhvwulfwlrq lpsolhv wkdw d kljk pdunxs/ *0/ jrhv zlwk d
orz fdslwdo vkduh dqg wklv ryhuwxuqv wkh pdunxs hhfw rq jurzwk1 Lqghhg/ zkhq
0 ’ k/ +714:, uhgxfhv wr }S ’
ku34
3k23E3w#
# vr wkdw Y}S
YE*k
	 fc jlyhq +D5, dqg +D7,1
Wkh frqwulexwlrqv e| Ehqdvv| +4<<;, dqg Jurrw dqg Qdkxlv +4<<;, kdyh pxfk
vlplodulw| ehwzhhq wkhp1 Wkh| duh edvhg rq hvvhqwldoo| wkh vdph prgho +khqfhiruwk
fdoohg wkh EJQ prgho,/ wkdw lv/ dq h{whqvlrq ri wkh Jurvvpdq dqg Khospdq +4<<4d,
48+717,/ +7147,/ dqg +7148, jlyh xO @ 4
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49Vwulfwo| vshdnlqj/ wklv uhihuv wr wkh wh{werrn yhuvlrq +Djklrq dqg Krzlww/ 4<<;/ s1 68 1,1 Lq
wkh ruljlqdo yhuvlrq ri wkh Urphu prgho/ wkh edvlf0jrrgv vhfwru dovr hpsor|v d {hg dprxqw ri d
vhfrqg w|sh ri oderu fdoohg kxpdq fdslwdo/ exw wklv lv ri vhfrqgdu| lpsruwdqfh lq rxu frqwh{w1
Lw vkrxog eh uhfrjql}hg wkdw Urphu +4<<3/ s1 V;4, dfwxdoo| hqfrxudjhg dq lqyhvwljdwlrq ri fdvhv
zkhuh % 9@ =
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h{sdqglqj frqvxphu jrrgv ydulhw| prgho zlwkrxw fdslwdo dffxpxodwlrq1 Wkh rqo|
lqsxw lq surgxfwlrq lv oderu1 Khqfh/ rq wkh idfh ri lw wkh EJQ prgho pljkw qrw
vhhp wr w lqwr rxu iudphzrun1 Qhyhuwkhohvv/ dv idu dv wkh uhgxfhg irup +714:,
lv frqfhuqhg/ wkh EJQ prgho fruuhvsrqgv wr wkh fdvh 0 ’ k dqg w ’  +rqo|
orjdulwkplf xwlolw| lv frqvlghuhg,1 Lqghhg/ wkh whfkqrorj| vshflfdwlrq ri wkh EJQ
prgho ohdgv wr }S ’ dE /u /4o D/ zkhuh / lv d vxevwlwxwlrq sdudphwhu vxfk
wkdw wkh prqrsrolvw pdunxs ehfrphv 
/
c zkloh D lv wkh hodvwlflw| ri oderu h!flhqf|
zlwk uhvshfw wr whfkqlfdo nqrzohgjh +fruuhvsrqglqj wr rxu #*E  k Zlwk 0 ’ k
dqg w ’ c +714:, jlyhv }S ’ E
k
nk
u 
nk
4Dc zklfk lv wkh EJQ irupxod zkhq zh
sxw / ’ 
nk
 Dv wr wkh vrfldo rswlpxp wkh EJQ prgho kdv }WS ’ Du 4 zklfk lv
wkh vdph dv rxu uhvxow lq Vhfwlrq 6 zkhq w ’  H{whqghg wr vrph jhqhudo w : fc
wkh EJQ irupxod ehfrphv }S ’
E3/u3/4
3/E3wD
D iru wkh pdunhw hfrqrp| +iurp +714:,
zlwk 0 ’ k dqg }WS ’

w
EDu 4 iru wkh vrfldo rswlpxp
Wkh mxvw phqwlrqhg Jurvvpdq dqg Khospdq +4<<4d, prgho lv d vshfldo fdvh ri wkh
EJQprgho/ qdpho| wkh fdvh D ’ E/*/ Dv qrwhg hduolhu/ wkh errn e| Jurvvpdq
dqg Khospdq frqwdlqv dovr dq lqfuhdvlqj ydulhw| prgho zlwk fdslwdo dffxpxodwlrq
+Jurvvpdq dqg Khospdq/ 4<<4e,1 Wklv prgho fdq eh vhhq dv |hw dqrwkhu vshfldo
fdvh ri +wkh uhgxfhg irup ri, wkh EJQ prgho1 Wkh irupxod }S ’ dE /u /4o D
lv vwloo ydolg/ exw / ghshqgv qrw rqo| rq wkh pdunxs/ exw dovr rq wkh vkduh ri fdslwdo
lq qdo rxwsxw dqg wkh vkduh ri qrq0gxudeoh lqwhuphgldwh jrrgv lq qdo rxwsxw4:1
Dovr/ wkh nqrzohgjh hodvwlflw| sdudphwhu D lv d ixqfwlrq ri wkh pdunxs dqg wkhvh
wzr vkduh sdudphwhuv1 Wkh lpsolhg sdudphwhu olqnv ohdg wr wkh uhdsshdudqfh ri wkh
Urphu uhvxow wkdw wkhuh lv dozd|v wrr olwwoh U)G jhqhudwhg xqghu odlvvh}0idluh1
Lq wkh qh{w vhfwlrq zh vwxg| wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru wkh pdunhw
hfrqrp| wr gr wrr pxfk U)G1 Zh vkdoo vhh krz doorzlqj iru 0 9’ k prglhv wkhvh
frqglwlrqv frpsduhg zlwk wkh EJQ uhvxowv1 Vlqfh wkh EJQ prgho fdq eh vhhq dv
frqwdlqlqj wkh wzr phqwlrqhg Jurvvpdq dqg Khospdq frqwulexwlrqv dv vshfldo fdvhv/
rxu frpsdulvrq zlwk EJQ zloo fryhu wkhvh frqwulexwlrqv dv zhoo1
4:Lq wkh Jurvvpdq dqg Khospdq +4<<4e, prgho sk|vlfdo fdslwdo lv d krprjhqrxv jrrg zkloh wkh
vshfldol}hg lqwhuphgldwh jrrgv/ vrog xqghu frqglwlrqv ri prqrsrolvwlf frpshwlwlrq/ duh qrq0gxudeoh1
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8 Frpsdulqjpdunhw rxwfrph dqg vrfldo rswlpxp
814 Jurzwk udwhv frpsduhg
Wkh dqdo|vlv ri Vhfwlrqv 6 dqg 7 fdq eh vxppdul}hg lq wkh iroorzlqj zd|=
Sursrvlwlrq 4 +l, Li D4 krogv/ wkhuh h{lwv d xqltxh vwhdg| vwdwh lq wkh vrfldo
rswlpxp dqg lw kdv
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+ll, Li D6 krogv/ wkhuh h{lvwv d xqltxh vwhdg| vwdwh lq wkh pdunhw hfrqrp|/ dqg lw
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Surri1 Vhh wh{w ri Vhfwlrqv 6 dqg 71
Zh qrz fodlp wkdw wkhuh h{lvwv d fulwlfdo ydoxh/ #c vxfk wkdw li dqg rqo| li wkh
uhwxuqv wr vshfldol}dwlrq sdudphwhu lv htxdo wr wklv ydoxh/ wkhq }S ’ }
W
S 1
Sursrvlwlrq 5 Dvvxph D71 Wkhq=
+l, Jlyhq +kc 0c wc 4c c u wkhuh lv d xqltxh ydoxh # : f vxfk wkdw li # ’ #c wkhq erwk
wkh vrfldo rswlpxp dqg wkh pdunhw hfrqrp| kdyh d vwhdg| vwdwh/ dqg }S ’ }
W
S 
+ll, Wkh ydoxh # vdwlvhv wkh lqhtxdolw| 4
u
E k 	 # 	 E 0k
+lll, Iru dq| # vdwlvi|lqj D4/ erwk wkh vrfldo rswlpxp dqg wkh pdunhw hfrqrp| kdyh
d vwhdg| vwdwh/ dqg wkh iroorzlqj uxoh dssolhv= }S W }WS iru # V #/ uhvshfwlyho|1
Surri1 Vhh Dsshqgl{ ;161
Lq ylhz ri +718, dqg +7148,/ surwv shu fdslwdo jrrg fdq eh zulwwhq
Z ’ E 0kt

’
E 0k
#
Yt*Y +814,
Wkhuhiruh/ d qdwxudo uhihuhqfh srlqw iru wkh uhwxuqv wr vshfldol}dwlrq sdudphwhu/ #c
lv wkh qxpehu E 0kc khqfhiruwk fdoohg wkh surw idfwru1 Wr sxw wkh Urphu dqg
wkh EJQ fdvhv lq shuvshfwlyh zh revhuyh=
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Sursrvlwlrq 6 Dvvxph D71 Wkhq=
+l, Wkh fulwlfdo ydoxh # lv ehorz  k lq wkh Urphu0EJQ fdvh 0 ’ k
+ll, D vlpsoh h{dpsoh zkhuh # lv deryh k lv= w ’ c k : 4@ E u
E304nu
c 4
E30un4

+lll, Iru dq| # : f vxfk wkdw wkh vrfldo rswlpxp kdv d vwhdg| vwdwh/ wkh pdunhw
hfrqrp| kdv d vwhdg| vwdwh zlwk }S : }
W
S li dqg rqo| li wkh surw idfwru E0k :
4@ E# n #3qE3k
qE3k3E3w#
E kc 4
u
E k
Surri1 Vhh Dsshqgl{ ;161
Lq wkh vshflf Urphu fdvh/ lq dgglwlrq wr 0 ’ k/ # ’   k( khqfh/ e| +l, ri
Sursrvlwlrq 6/ # 	   k ’ #c dqg zh jhw wkh Urphu frqfoxvlrq wkdw }S 	 }WS
xqdpeljxrxvo|1 Zkhq 0 ’ kc wkh rssrvlwh lqhtxdolw|/ }S : }
W
S c dulvhv/ li dqg rqo|
li wkh nqrzohgjh hodvwlflw| # lv frqvlghudeo| ehorz   k> wklv frqupv Ehqdvv|*v
dqg Jurrw dqg Qdkxlv*v frqfoxvlrq wkdw h{fhvvlyh uhvhdufk lq wkh pdunhw hfrqrp|
dulvhv li dqg rqo| li # lv vx!flhqwo| ehorz wkh Urphuldq ydoxh   k1 Krzhyhu/ dv
lpsolhg e| +ll, dqg +lll, ri Sursrvlwlrq 6/ doorzlqj iru d vhsdudwlrq ri wkh vxevwlwxwlrq
sdudphwhu/ 0c iurp wkh vkduh ri fdslwdo/ kc zh kdyh= Iru d vx!flhqwo| kljk fdslwdo
vkduh ru d vx!flhqwo| kljk surw idfwru E 0kc }S fdq hqg xs odujhu wkdq }WS hyhq
zkhq # htxdov/ ru lv deryh/  k1 Wklv frqupv rxu fodlp lq wkh lqwurgxfwlrq wkdw
e| glhuhqwldwlqj ehwzhhq 0 dqg kc pruh vfrsh iru h{fhvvlyh uhvhdufk lq wkh pdunhw
hfrqrp| lv rshqhg xs1
Wkh dqdo|vhv ri Ehqdvv| dqg Jurrw dqg Qdkxlv gr qrw surylgh pxfk lqwxlwlrq
ehklqg wkh h{fhvvlyh jurzwk srvvlelolw|1 Zh vkdoo qrz vhh wkdw glhuhqwldwlqj eh0
wzhhq qhw dqg jurvv uhwxuqv wr vshfldol}dwlrq zloo pdnh fohdu zkdw lw lv wkdw gulyhv
wkh uhvxowv1 Lw wxuqv rxw wkdw wkhuh lv pxfk ohvv dv|pphwu| wkdq klwkhuwr uhfrjql}hg
ehwzhhq wkh lqfuhdvlqj ydulhw| prghov dqg wkh txdolw| odgghu prghov ri hqgrjhqrxv
jurzwk1
815 Gluhfw dqg lqgluhfw hhfwv ri vshfldol}dwlrq
Zh lqwurgxfh d frqfhswxdo glvwlqfwlrq ehwzhhq c wkh qxpehu ri h{lvwlqj glhuhqw
ydulhwlhv dw wlph |c dqg fc wkh qxpehu ri wkhvh ydulhwlhv ehlqj lq xvh dw wlph | +wkdw
lv/ wkh qxpehu ri ydulhwlhv iru zklfk % : f Frqvlghu wkh vlwxdwlrq mxvw ehiruh wkh
lqyhqwlrq ri d qhz ydulhw|1 Vwdwlf h!flhqf| uhtxluhv f ’  dqg % ’ 7g*f  %c
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zkhuh 7g lv d jlyhq djjuhjdwh dprxqw ri udz fdslwdo1 Zh pd| zulwh +515, dv
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Qrz/ diwhu wkh lqyhqwlrq ri wkh qhz ydulhw|/ vwdwlf h!flhqf| uhtxluhv d uhglvwulexwlrq
ri wkh jlyhq dprxqw ri udz fdslwdo wr dq hqodujhg vshfwuxp ri ydulhwlhv1 Zh fdoo
wkh hhfw rq djjuhjdwh rxwsxw ri wklv uhglvwulexwlrq wkh gluhfw hhfw ri lqfuhdvhg
vshfldol}dwlrq1 Wklv gluhfw hhfw lv
8f n 8%
Y%
Yf
’ E
k
0
 kt

 +816,
Lq ylhz ri wkh dvvxpswlrq f 	 0 	 c wklv hhfw lv dozd|v srvlwlyh1
Lq jhqhudo wkhuh lv dovr dq lqgluhfw hhfw ri lqfuhdvhg vshfldol}dwlrq/ wkdw lv/
dq hhfw rq wkh surgxfwlylw| ri wkh douhdg| h{lvwlqj vshfldol}hg fdslwdo jrrgv1 Wr
fdofxodwh wklv hhfw/ zh iuhh}h f dqg % dw wkh ohyho wkh| kdyh ehiruh uhglvwulexwlrq1
Wkhq zh ghqh wkh lqgluhfw hhfw dv
8 ’

# n E 
0
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
t

 1t

 +817,
Rqh fdq lpdjlqh wklv hhfw wr eh srvlwlyh/ }hur/ ru qhjdwlyh ghshqglqj rq wkh flufxp0
vwdqfhv1 Zh vkdoo vshdn ri fuhdwlyh v|qhuj| zkhq lw lv srvlwlyh/ dqg ri fuhdwlyh
grzq0zhljklqj +d plog irup ri wkh fuhdwlyh ghvwuxfwlrq lqkhuhqw lq txdolw| odgghu
prghov, zkhq lw lv qhjdwlyh1 Wkh lqwhusuhwdwlrq ri wkh uvw fdvh lv wkdw wkh gluhfw
frqwulexwlrq ri wkh lqyhqwlrq lv frpsohphqwhg e| wkh srvlwlyh lqgluhfw hhfw gxh wr
wkh rwkhu fdslwdo jrrgv ehfrplqj pruh surgxfwlyh zkhq dvvlvwhg e| d pruh frp0
sohwh qhwzrun ri lqwhuphgldwh jrrgv1 Wkh lqwhusuhwdwlrq ri wkh vhfrqg fdvh lv wkdw
wkrxjk wkh ryhudoo hhfw ri dq lqyhqwlrq rq fdslwdo surgxfwlylw| lv srvlwlyh +vlqfh
# : fc e| dvvxpswlrq/ wkh gluhfw frqwulexwlrq ri wkh lqyhqwlrq lv sduwo| rvhw e|
d qhjdwlyh lqgluhfw hhfw gxh wr/ vd|/ frruglqdwlrq gl!fxowlhv lq d pruh vshfldol}hg
dqg frpsoh{ zruog1 Wkh lqgluhfw hhfw/ zkhwkhu srvlwlyh ru qhjdwlyh/ dsshduv lq wkh
pdunhw hfrqrp| dv dq h{whuqdolw|4;1
H{suhvvlqj wkh gluhfw dqg lqgluhfw surgxfwlylw| hhfwv dv hodvwlflwlhv/ wkh ryhudoo
hhfw ri lqyhqwlrqv fdq eh zulwwhq
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’ gluhfw hhfw . lqgluhfw hhfw ’ E
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4;Qrwh wkdw fuhdwlyh grzq0zhljklqj uhihuv wr d uhgxfwlrq lq wkh surgxfwlylw| ri rog fdslwdo
jrrgv1 Wklv qhhg qrw lpso| uhgxfhg surwv1 Lqghhg/ dorqj d vwhdg| vwdwh sdwk/ surwv shu up duh
uhgxfhg e| wkh duulydo ri qhz lqyhqwlrqv li dqg rqo| li  ? 4 > fi1 +718, dqg +7146,1
4:
Wkxv/ zh pd| lqwhusuhwh uhwxuqv wr vshfldol}dwlrq # dv d ghulyhg sdudphwhu/ jlyhq
kc 0c dqg wkh lqgluhfw hhfw 1 Zkhq wkh lqgluhfw hhfw/ 1c lv srvlwlyh/ zh pd| vshdn
ri # dv wrwdo uhwxuqv wr vshfldol}dwlrq1 Zkhq 1 lv qhjdwlyh/ # pd| eh fdoohg qhw
uhwxuqv wr vshfldol}dwlrq zkloh wkh gluhfw hhfw/ E
0
 kc phdvxuhv jurvv uhwxuqv wr
vshfldol}dwlrq4<1
Urphu*v sdudphwhu olqnv/ # ’  k dqg 0 ’ kc lpso| d ehqfkpdun fdvh zkhuh
wkh lqgluhfw hhfw ydqlvkhv1 Exw glvhqwdqjolqj wkhvh sdudphwhu olqnv ohdgv wr=
Sursrvlwlrq 7 Dvvxph D4 dqg D7 dqg ohw # eh ghqhg dv lq Sursrvlwlrq 61 Wkh
fdvh }S : }
W
S dulvhv li dqg rqo| li wkh lqgluhfw hhfw ri lqyhqwlrqv/ 1c rq wkh surgxf0
wlylw| ri rog fdslwdo jrrgv lv qhjdwlyh dqg qxphulfdoo| deryh E
0
 k #1
Surri1 Iurp +817, zh kdyh 1 ’ #  E
0
 k1 E| +lll, ri Sursrvlwlrq 6/ }S : }WS
li dqg rqo| li # 	 # Khqfh/ }S : }
W
S li dqg rqo| li 1 	 #  E0  kc zkhuh/ vlqfh
f 	 0 	 / # E
0
 k 	 # 0E
0
k ’ # E 0k 	 f e| +ll, ri wkh Sursrvlwlrq
61
Wr xqghuvwdqg wklv uhvxow/ qrwlfh wkdw wkhuh duh wkuhh srwhqwldo pdunhw idloxuhv
wkdw pd| fdxvh sulydwh dqg vrfldo lqfhqwlyhv wr glyhujh lq wkh prgho1 +l, Wkh lq0
whuwhpsrudo vslooryhu = E| dgglqj wr wkh vwrfn ri whfkqlfdo nqrzohgjh/ uhvhdufk lq0
fuhdvhv wkh surgxfwlylw| ri ixwxuh uhvhdufk/ fi1 +518,/ exw wklv hhfw lv qrw frpshq0
vdwhg lq wkh pdunhw1 +ll, Wkh vxusoxv dssursuldelolw| sureohp= Lqqrydwru*v prqrsro|
surwv fdswxuh rqo| d iudfwlrq ri wkhlu +gluhfw, frqwulexwlrq wr rxwsxw +frpsduh +814,
dqg +816,,531 Wkhvh wzr pdunhw idloxuhv duh zhoonqrzq iurp wkh lqfuhdvlqj ydulhw|
olwhudwxuh dv zhoo dv wkh txdolw| odgghu olwhudwxuh +Jurvvpdq dqg Khospdq/ 4<<4/
Fkdswhu 7, dqg Djklrq dqg Krzlww +4<<5/ 4<<;,1 Zkdw lv ohvv zhoonqrzq lv wkdw
wkh idprxv/ dgglwlrqdo pdunhw idloxuh dsshdulqj lq wkh txdolw| odgghu prghov/ wkdw
ri fuhdwlyh ghvwuxfwlrq/ pd| frph xs +lq d uhodwhg irup, dovr lq dq lqfuhdvlqj
ydulhw| iudphzrun/ wkdw lv dv d qhjdwlyh 1 lq 8171 Wklv h{whuqdolw| ri lqqrydwlrqv rq
wkh surgxfwlylw| ri rog fdslwdo jrrgv lv khuh fdoohg pdunhw idloxuh +lll,1 Wkh pdunhw
4<Frqvlvwhqf| zlwk rxu dvvxpswlrq wkdw  A 3 uhtxluhv  A +4
%
 4,=
53Wkh vxusoxv dssursuldelolw| sureohp uh hfwv wkdw/ iurp +7148,/ fdslwdo frvwv duh u .  @
%C\@CN ? C\@CN= Wklv lqhtxdolw| lv d uhvxow ri prqrsro| sulflqj = Wkh pdunxs lpsolhv d zhgjh
ehwzhhq wkh sulfh ri wkh vhuylfhv ri vshfldol}hg fdslwdo jrrgv dqg wkh pdujlqdo frvw ri surylglqj
wkhp vr wkdw wkh ghpdqg iru fdslwdo vhuylfhv lv uhgxfhg1 Wklv dovr hqwdlov d zhgjh ehwzhhq vrfldo
uhwxuqv wr vdylqj/ C\
CN
 > dqg wkh sulydwh uhwxuq/ u> dqg wkhuhiruh d whqghqf| wr wrr olwwoh vdylqj1
Khqfh/ hyhq lq fdvhv zkhuh jf @ j

f
> wkh pdunhw hfrqrp| xqghulqyhvwv lq fdslwdo/ lpso|lqj wrr orz
frqvxpswlrq ehfdxvh ri wrr orz N@\=
4;
idloxuhv +l, dqg +ll, whqg wr jhqhudwh lqvx!flhqw uhvhdufk xqghu odlvvh}0idluh/ zkloh
pdunhw idloxuh +lll, zrunv lq wkh vdph ru wkh rssrvlwh gluhfwlrq/ ghshqglqj rq wkh
vljq ri 11
Qrz/ frpelqh wklv zlwk Sursrvlwlrq 7 vd|lqj wkdw xqohvv wkhuh lv hqrxjk fuh0
dwlyh grzq0zhljklqj/ wkh pdunhw ohdgv wr xqghulqyhvwphqw lq U)G1 Wr dyrlg wklv
xqghulqyhvwphqw/ lw lv qrw hqrxjk wkdw fuhdwlyh grzq0zhljklqj/ 1c lv qxphulfdoo|
htxdo wr ru deryh E*0 # vr wkdw/ e| +817,/ wkh surw idfwru E 0k  #c khqfh/
e| +814,/ Z  Yt*Y +l1h1/ qhw vxusoxv lv dssursuldwhg,1 Lqghhg/ wklv rqo| hqvxuhv
wkdw wkh vxusoxv dssursuldelolw| sureohp lv ryhufrph/ qrw wkdw wkh lqwhuwhpsrudo
vslooryhu lv ryhufrph1
Wkh lpsolhg lqwhusuhwdwlrq ri wkh Urphu0EJQ sdudphwhu olqn 0 ’ k lv wkdw wklv
lv d fdvh zkhuh wkh qhfhvvdu| dprxqw ri fuhdwlyh grzq0zhljklqj uhtxluhv # wr eh
frqvlghudeo| ehorz wkh Urphuldq ydoxh  k
9 Uhpdunv rq wkh hpslulfv
Lq dgglwlrq wr wkh ulfkhu vhw ri wkhruhwlfdo srvvlelolwlhv/ wkh pruh jhqhudo iudphzrun
xvhg lq wklv sdshu doorzv ehwwhu dffrugdqfh zlwk wkh hpslulfdo hylghqfh rq pdunxsv
dqg wkh wuhqg ri wkh sdwhqw0U)G udwlr wkdq grhv wkh pruh uljlg Urphu iudphzrun1
Frqvlghu uvw wkh sdwhqw0U)G udwlr/ wkdw lv/ wkh qxpehu ri qhz sdwhqwv shu |hdu
glylghg e| U)G h{shqglwxuhv1 Vlqfh wkh odwh iwlhv/ lq wkh XV d v|vwhpdwlf ghfolqh lq
wklv udwlr kdv wdnhq sodfh +rq dyhudjh d idoo dw 618 ( shu |hdu/ vhh Julolfkhv/ 4<;</ dqg
Nruwxp/ 4<<6,1 Lq rxu prgho/ wkh sdwhqw0U)G udwlr lv jlyhq e| *E ’ *c
dqg lq d vwhdg| vwdwh wklv udwlr zloo eh ghfuhdvlqj ryhu wlph li dqg rqo| li +qhw,
uhwxuqv wr vshfldol}dwlrq/ #c lv odujhu wkdq   k +ehfdxvh/ lq d vwhdg| vwdwh/ e|
+7147,/ } ’
#
3k
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541 Exw Urphu0vw|oh prghov kdyh # ’   kc dqg wkh| duh
wkhuhiruh lqfrqvlvwhqw zlwk wkh revhuyhg idoo lq wkh sdwhqw0U)G udwlr1
Wkh pdunxs lv lq Urphu0vw|oh prghov lpsolflwo| jlyhq e| wkh lqyhuvh ri wkh
fdslwdo vkduh1 Wkh hpslulfdo hylghqfh vxjjhvwv wkdw wkh fdslwdo vkduh lq rxwsxw/
54Wr sxw lw glhuhqwo|/ wkh sdwhqw0U)G udwlr idoov zkhq surgxfwlylw| lq pdqxidfwxulqj lqfuhdvhv
idvwhu wkdq lq U)G dfwlylw|1 Wklv qhhg qrw eh d vljq ri h{kdxvwlrq ri whfkqrorjlfdo rssruwxqlwlhv1
Udwkhu wkdq ehlqj vrphwklqj wr zruu| derxw/ lw pd|/ dffruglqj wr wkh suhvhqw prgho/ eh d vljq ri
kljk srwhqwldolw| ri qhz whfkqlfdo nqrzohgjh1 +Ri frxuvh/ lq uhdolw| wkh ohyho ri sdwhqwlqj odfnv d orw
lq suhflvlrq dv dq lqglfdwru ri djjuhjdwh U)G vxffhvvhv lqdvpxfk dv pdq| upv/ dw ohdvw rxwvlgh
wkh fkhplfdo dqg skdupdfhxwlfdo lqgxvwulhv/ uho| rq rwkhu zd|v ri surwhfwlqj wkhlu lqqrydwlrqv1,
4<
kc lv durxqg 317 lq wkh XV +vhh/ h1j1/ Frroh| dqg Suhvfrww +4<<8,, vr wkdw Urphu0
vw|oh prghov suhglfw pdunxsv durxqg 2D$ Dffruglqj wr Qruuelq +4<<6, dqg Edvx
+4<<9,/ krzhyhu/ pdunxs hvwlpdwlrqv duh ehwzhhq 4138 dqg 4173 lq XV lqgxvwu|1 Wkh
suhvhqw iudphzrun doorzv dffrugdqfh zlwk wklv/ vlqfh zh fdq fkrrvh d ydoxh iru wkh
vxevwlwxwlrq sdudphwhu 0 lq wkh lqwhuydo df.fc fbDo1
Wkhvh revhuydwlrqv lqglfdwh wkh iroorzlqj vl}h uhodwlrq ehwzhhq wkh fulwlfdo +htxdo0
jurzwk, uhwxuqv wr vshfldol}dwlrq sdudphwhu/ #c wkh gluhfw hhfw ri lqqrydwlrqv/
E
0
 kc dqg wkh dfwxdo ydoxh/ #c ri wkh uhwxuqv wr vshfldol}dwlrq sdudphwhu lq XV
lqgxvwu|= # : k : E
0
k : # zkhuh wkh odvw wzr lqhtxdolwlhv iroorz iurp 0 : k
dqg +ll, ri Sursrvlwlrq 5/ uhvshfwlyho| Lq sduwlfxodu/ # : E
0
 k lv dq lqglfdwlrq
wkdw wkhuh lv fuhdwlyh v|qhuj|/ dqg # : # lqglfdwhv wkdw wkhuh lv wrr olwwoh U)G vr
wkdw wkh jurzwk udwh lv lqh!flhqwo| orz1 Wklv uhvxow lv frqvlvwhqw zlwk wkh hpslul0
fdo hylghqfh suhvhqwhg e| Mrqhv dqg Zlooldpv +4<<;,1 Wkhvh dxwkruv qg wkdw wkh
rswlpdo U)G lqyhvwphqw lv dw ohdvw irxu wlphv odujhu wkdq wkh dfwxdo vshqglqj551
Wkhuhiruh/ dw ohdvw lq wklv uhvshfw wkh suhglfwlrq iurp wkh vlpsoh Urphu iudphzrun
zlwk # ’  k vhhpv wr srlqw lq wkh uljkw gluhfwlrq1 Rxu klqw wkdw # : E
0
 k lv
olnho|/ vwuhqjwkhqv wkh frqghqfh lq wkdw suhglfwlrq561
: Frqfoxvlrqv
Dffruglqj wr wkh uvw jhqhudwlrq ri prghov ri hqgrjhqrxv jurzwk edvhg rq h{sdqglqj
surgxfw ydulhw|/ wkh pdunhw hfrqrp| xqdpeljxrxvo| |lhogv d wrr orz ohyho ri U)G1
Krzhyhu/ glvhqwdqjolqj uhwxuqv wr vshfldol}dwlrq iurp wkh pdunhw srzhu sdudphwhu/
odwhu vwxglhv irxqg wkdw wklv uhvxow dulvhv gxh wr wkh lpsolflw fkrlfh ri d uhodwlyho|
kljk ydoxh iru wkh uhwxuqv wr vshfldol}dwlrq1
Wkh suhvhqw sdshu wdnhv d vwhs ixuwkhu/ dqdo|}lqj dq h{whqghg Urphu0vw|oh prgho
zkhuh uhwxuqv wr vshfldol}dwlrq/ wkh prqrsrolvwlf pdunxs/ dqg wkh fdslwdo vkduh lq
qdo rxwsxw duh jlyhq e| lqghshqghqw sdudphwhuv1 Suhylrxv h{sdqglqj ydulhw| prg0
hov fdq eh vhhq dv vshfldo fdvhv1 Dprqj wkh lpsolfdwlrqv ri wkh h{whqghg prgho duh
55Vwrnh| +4<<8,/ d sdshu lq wkh txdolw| odgghu wudglwlrq/ lv ohvv up derxw wklv ydvw xqghulq0
yhvwphqw1
56Lw fdq eh vkrzq wkdw dq dfwlyh jryhuqphqw qhhgv wzr lqvwuxphqwv wr hvwdeolvk wkh rswlpdo
doorfdwlrq1 Wkhvh lqvwuxphqwv frxog eh/ uvw/ d vxevlg| wr ex|huv ri fdslwdo vhuylfhv lq rughu wr
holplqdwh glvwruwlqj ghpdqg hhfwv ri prqrsro| sulflqj/ dqg/ vhfrqg/ d wd{ rq 0 ru vxevlg| wr
0 prqrsro| surwv/ ghshqglqj rq wkh sdudphwhuv +li wkh deryh sdudphwhu ydoxhv duh dffhswhg/ d
vxevlg| lv lqghhg fdoohg iru,1
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wkdw orz uhwxuqv wr vshfldol}dwlrq duh qrw qhfhvvdu| iru wkh fdvh zlwk wrr pxfk
U)G lq wkh pdunhw hfrqrp| wr dulvh1 Lqghhg/ zkdwhyhu wkh uhwxuqv wr vshfldol}d0
wlrq/ wkh ghflvlyh idfwru lv wkh lpsolflw suhvhqfh ri hqrxjk qhjdwlyh h{whuqdolwlhv ri
lqfuhdvhg vshfldol}dwlrq1 Wkhvh h{whuqdolwlhv duh d uhplqlvfhqfh ri wkh fuhdwlyh gh0
vwuxfwlrq hhfw lq wkh txdolw| odgghu prghov1 Lq wklv zd|/ wkhuh vhhpv wr eh pxfk
ohvv dv|pphwu| wkdq klwkhuwr uhfrjql}hg ehwzhhq wkh h{sdqglqj ydulhw| prghov dqg
wkh txdolw| odgghu prghov1
Wkh sdudphwhu vhsdudwlrqv pdgh doorz pruh qrq0frqyh{lwlhv wkdq wkh xvxdo
prghov/ exw wklv lv vkrzq qrw wr frq lfw zlwk vx!flhqw frqglwlrqv iru dq rswlpdo
vroxwlrq wr wkh vrfldo sodqqhu*v sureohp ru zlwk xqltxhqhvv ri wklv vroxwlrq1 Lq
dgglwlrq/ wkh pdunhw htxloleulxp lv vkrzq wr eh xqltxh/ dw ohdvw zlwklq dq hpslulfdoo|
uhohydqw grpdlq ri wkh sdudphwhu vsdfh1
D uxglphqwdu| fdoleudwlrq ri wkh prgho vxjjhvwv wkdw wkh dfwxdo rxwfrph iru wkh
XV hfrqrp| lv qrw wkdw ri wrr pxfk U)G/ exw wkdw ri wrr olwwoh U)G1 Qhyhuwkhohvv/
dq dgydqwdjh ri wkh pruh jhqhudo iudphzrun lv ehwwhu djuhhphqw zlwk wkh revhuyhg
ohyho ri pdunxsv dqg wkh revhuyhg idoolqj whqghqf| ri wkh sdwhqw2U)G udwlr1
; Dsshqgl{
;14 Whfkqrorj|1 Wkh vrfldo rswlpxp
Surri ri Ohppd 41 +l, Frqvlghu d vwhdg| vwdwh zlwk } ’ 7} Wkhq/ iurp +518,/
t lv frqvwdqw1 E| ghqlwlrq ri d vwhdg| vwdwh/ t : f> khqfh/ iurp +51;,/ t : f1
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+517,/ Su*g lv frqvwdqw/ khqfh }S ’ }g Iurp +51;,/ wkh frpprq jurzwk udwh/ 7}c ri
Scgc dqg t lv #
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7} 
Vroxwlrq ri wkh vrfldo sodqqhu*v sureohp1 Lq rughu wr rewdlq frqfdylw| ri wkh
pd{lpl}hg Kdplowrqldq/ zh lqwurgxfh wkh wudqvirupdwlrqv    #3k dqg   #
3k

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zkhuh b dqg b2 duh wkh vkdgrz sulfhv ri wkh vwdwh yduldeohv g dqg c uhvshfwlyho|1
Qhfhvvdu| frqglwlrqv iru dq lqwhulru vroxwlrq duh wkdw iru doo |  f G
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jlyhv +614, lq wkh wh{w1
Wr vkrz wkdw wkh vwhdg| vwdwh lv vdggohsrlqw vwdeoh/ ohw 5  t*g dqg 7S  Su*g
Wkhq/ iurp wkh uvw rughu frqglwlrqv +;14,/ +;15,/ +;16,/ +;17,/ dqg wkh g|qdplf
frqvwudlqwv ri wkh vrfldo sodqqhu*v sureohp zh jhw wkh glhuhqwldo htxdwlrqv
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Wkh Mdfreldq hydoxdwhg lq wkh vwhdg| vwdwh lv wuldqjxodu dqg kdv wkh hljhq0
ydoxhv 4 ’ EY 5*Y5
W ’ Ek  5W 	 fc 42 ’ EY
u
7S*Y7SW ’ 7SW : fc dqg 4 ’
EY *YW ’ uW : f Wkh wkuhh yduldeohv/ 5c 7Sc dqg c duh mxps yduldeohv/ exw wkh
lqlwldo frqglwlrqv iru 5 dqg  duh qrw lqghshqghqw1 Jlyhq wkh suhghwhuplqhg yduldeoh
7&  g*E uc zh kdyh  ’ 7&5 3k c iurp wkh surgxfwlrq ixqfwlrq t ’ gkE t 3k1
Khqfh/ zlwk wzr iuhh lqlwldo frqglwlrqv dqg h{dfwo| wzr srvlwlyh hljhqydoxhv/ h{lv0
whqfh dqg xqltxhqhvv ri d frqyhujhqw vroxwlrq +wkdw lv/ vdggohsrlqw vwdelolw|, krogv
jhqhulfdoo|1
D sdwk ESct cgc 
"
|'f/ zklfk vdwlvhv wkh uvw rughu dqg wudqvyhuvdolw| frqgl0
wlrqv +;14,/ +;15,/ +;16,/ +;17,/ dqg +;18,/ dqg zklfk dssurdfkhv wkh vwhdg| vwdwh/ lv
rxu fdqglgdwh iru dq rswlpdo vroxwlrq1 Wr hqvxuh wkdw vxfk d sdwk lv uhdoo| dq rswl0
pdo vroxwlrq/ zh fkhfn/ uvw/ zkhwkhu wkh Kdplowrqldq lv mrlqwo| frqfdyh lq wkh vwdwh
yduldeohv g dqg  diwhu wkh frqwurov S dqg t kdyh ehhq vxevwlwxwhg e| wkhlu pd{l0
pl}lqj ydoxhv iurp +;14, dqg +;15,/ uhvshfwlyho|1 Zh qg M ’ nbugnb2u c
zkhuh wkh whup  grhv qrw ghshqg rq g ru  Fohduo| wklv ixqfwlrq lv frqfdyh1
Wkh vhfrqg dvshfw wr fkhfn lv zkhwkhu rxu fdqglgdwh sdwk ESct cgc 
"
|'f vdw0
lvhv d vx!flhqw wudqvyhuvdolw| frqglwlrq1 Lq ylhz ri +;14, dqg +;15,/ b : f dqg
b2 : f iru doo |  f Khqfh/ e| +;18,/ wkh sdwk ESct cgc "|'f vdwlvhv
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ESct cgc 
"
|'f lv dq rswlpdo vroxwlrq1
;15 Wkh pdunhw hfrqrp|
Vwhdg| vwdwh1 Lq dq lqwhulru htxloleulxp/ e| +7149,/ wkh pdunhw ydoxh ri d sdwhqw
jurzv dffruglqj wr
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Lqvhuwlqj wklv wrjhwkhu zlwk +7147,/ +7149,/ dqg +814, lqwr +71:,/ xvlqj wkh idfw wkdw
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Lq d vwhdg| vwdwh/ e| ghqlwlrq S jurzv dw d frqvwdqw udwh/ khqfh/ iurp +7144,/ o lv
frqvwdqw1 Wkhuhiruh/ t*g dqg & duh frqvwdqw lq ylhz ri +7148,/ lpso|lqj }S ’
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Dq lqwhulru vwhdg| vwdwh kdv  	 c khqfh +;144, krogv Lqvhuwlqj wkh vwhdg| vwdwh
frqglwlrq }& ’ f lqwr +;144, jlyhv d jurzwk srvvlelolw| fxuyh dqg frpelqlqj wklv
zlwk wkh jurzwk suhihuhqfh fxuyh/ +;145,/ ohdgv wr
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4
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Krzhyhu/ iru wkh vwhdg| vwdwh wr eh dq htxloleulxp/ wkh wudqvyhuvdolw| frqglwlrq
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E| +7144,/ o ’ w}S n 4c dqg li w  c +;14:, krogv dxwrpdwlfdoo|1 Vxssrvh/ rq wkh
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Ydu|lqj wkh sdudphwhuv1 Dvvxph D6 dqg D71 Wkhq/ e| Ohppd 5 dqg Ohppd
D/ +;148, dqg +;149, krog1 Iurp +714:, zh jhw/ diwhu vrph pdqlsxodwlrqv/
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e| +;148, dqg D7 dssolhg wr wkh uvw dqg wkh vhfrqg vtxduh eudfnhw/ uhvshfwlyho|/ lq
wkh qxphudwru1
G|qdplfv1 Wkh htxdwlrqv ghvfulelqj wkh g|qdplfv ri wkh pdunhw hfrqrp| fdq
eh uhgxfhg wr wkuhh glhuhqwldo htxdwlrqv lq 5  t*gc 7S  Su*gc dqg  Wkh
ghwhuplqdqw ri wkh Mdfreldq hydoxdwhg dw wkh vwhdg| vwdwh fdq eh vkrzq wr eh
qhjdwlyh1 Khqfh/ hlwkhu wkhuh duh wkuhh hljhqydoxhv zlwk qhjdwlyh uhdo sduw ru rqh
qhjdwlyh hljhqydoxh dqg wzr zlwk qrq0qhjdwlyh uhdo sduw1 D vx!flhqw wkrxjk qrw
qhfhvvdu| frqglwlrq iru wkh odvw fdvh wr rewdlq/ lv wkdw #  E  0k*E  k ru
w ’  +vhh Doyduh}0Shodh} dqg Jurwk 5335,1 Zlwk k ’ e dqg 0 	 bDc zh kdyh
E  0k*E  k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xqltxhqhvv ri wkh frqyhujhqw vroxwlrq +wkdw lv/ vdggohsrlqw vwdelolw|, dw ohdvw zlwklq
wkh hpslulfdoo| uhohydqw grpdlq ri wkh sdudphwhu vsdfh1
;16 Frpsdulvrq
Surri ri Sursrvlwlrq 51 Dvvxph D7 dqg ohw q  4
u

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iurp Vhfwlrq 6 wkdw wkh vrfldo rswlpxp zrxog kdyh qr vwhdg| vwdwh1 Qrz/ frqvlghu
dq # vxfk wkdw D4 krogv1 Lq ylhz ri Ohppd 5/ D4 dqg D7 lpso| D6 vr wkdw iru wklv
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Wkhuhiruh/ # vdwlvhv D4/ exw #2 grhv qrw vdwlvi| D4 dqg fdq eh glvfdughg1 Khqfh/
# lv xqltxh dqg htxdo wr # 5 Efc qE3k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
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E0c ko2 vr wkdw
 n q n E wE0c k	
s
( B fc
uhvshfwlyho|1 Khqfh/ D2 	 f 	 Dc dqg djdlq #2c fdq eh glvfdughg1 Zh kdyh ’ED : f
iru D 	 D 	 D2 dqg ’ED 	 f iru D 	 D2 dqg D : D Djdlq/ # lv xqltxh dqg htxdo
wr # : f
Fdvh 6= w ’  Lq wklv fdvh ’ED ’ f kdv rqh urrw
DE’ D2 ’
q
 n q
E n E0c kc +;154,
dqg ’ED B f iru D : Dc uhvshfwlyho|1
Lq doo wkuhh fdvhv/ # lv xqltxh dqg htxdo wr #  DE k
+ll, Wkdw # 	 qE3k
3w
zkhq w 	  +l1h1/ D4 krogv,/ zdv vkrzq deryh1 Li rq
wkh rwkhu kdqg w  c wkhq/ e| fkrrvlqj k vx!flhqwo| forvh wr 4/ D4 dqg D7 duh
vwloo vdwlvhg/ dqg } frphv duelwudulo| forvh wr

w
u/ wkh olplwlqj ydoxh ri }W iru
D $4 Wkdw # : qE k fdq eh vhhq lq wkh iroorzlqj zd|1 E| D7/ }S : f( khqfh
E #
3k
( w ’  , }WS ’ }S : fc l1h1/ # : qE  k iurp Sursrvlwlrq 41 Wr vkrz wkdw
# 	 E0c kE kc frqvlghu
’EE0c k ’ E wEE0c k2  E n qE0c k E wEE0c k2 n qE n E0c k
’ q  E0c k 	 fc e| D71
Khqfh/ zkhwkhu fdvh 4/ fdvh 5/ ru fdvh 6 deryh lv wuxh/ zh kdyh D 	 E0c kc khqfh/
# ’ # ’ DE k 	 E0c kE k ’ E 0k
+lll, Frqvlghu d # vxfk wkdw D4 krogv1 Lq ylhz ri Ohppd 5/ D4 dqg D7 lpso| D6
vr wkdw iru wklv # erwk wkh vrfldo rswlpxp dqg wkh pdunhw hfrqrp| kdyh d xqltxh
vwhdg| vwdwh/ e| Sursrvlwlrq 41 Vlqfh/ dovr iurp wkdw sursrvlwlrq/ }S dqg }
W
S duh
lqfuhdvlqj lq #c zh kdyh # V # , }S W }WS c uhvshfwlyho| 
Surri ri Sursrvlwlrq 61 Dvvxph D71 +l, Li 0 ’ kc wkhq e| +ll, ri Sursrvlwlrq 5
zh kdyh # 	 kE k 	  k +ll, Ohw w ’  Wkhq/ iurp +;154, dqg wkh ghqlwlrq
5:
E0c k  30
3k
k/ # ’ DEk ’ 44nuE0k W k iru k W uE304nu c uhvshfwlyho|
Exw D7 krogv li dqg rqo| li k : 4
E30un4
 +lll, Frqvlghu d # : f vxfk wkdw wkh vrfldo
rswlpxp kdv d vwhdg| vwdwh1 Wkhq/ iurp Vhfwlrq 6 zh nqrz wkdw li w 	 c wkhq
# 	 4E3k
E3wu
/ l1h1/ D4 lv vdwlvhg1 Lq ylhz ri Ohppd 5/ D4 dqg D7 lpso| D6 vr wkdw
iru wklv # erwk wkh vrfldo rswlpxp dqg wkh pdunhw hfrqrp| kdyh d xqltxh vwhdg|
vwdwh/ e| Sursrvlwlrq 41 Qrz/ vxssrvh # : 4E3k
u
 Wkhq/ #n #u34E3k
4E3k3E3w#u
Ek :
# : 4E3k
u
c dqg vwudljkwiruzdug fdofxodwlrq iurp Sursrvlwlrq 4 jlyhv
}S : }
W
S / E 0k : # n
#u 4E k
4E k E w#uE k
Li lqvwhdg/ #  4E3k
u
c wkhq # n #u34E3k
4E3k3E3w#u
E k  #  4E3k
u
1 E| Sursrvlwlrq
4/ }WS ’ f( exw }S : f li dqg rqo| li E 0k : 4E3ku c surylqj +lll, 
Uhihuhqfhv
^4‘ Djklrq/ S1/ dqg S1 Krzlww/ 4<<51 D prgho ri jurzwk wkurxjk fuhdwlyh ghvwuxf0
wlrq1 Hfrqrphwulfd 93/ 65606841
^5‘ Djklrq/ S1/ dqg S1 Krzlww/ 4<<;1 Hqgrjhqrxv Jurzwk Wkhru|1 PLW Suhvv/ Fdp0
eulgjh +Pdvv1,1
^6‘ Doyduh}0Shodh}/ P1 M1/ dqg F1 Jurwk/ 53351 Wrr olwwoh ru wrr pxfk U)GB Pdwk0
hpdwlfdo vxssohphqw/ kwws=22zzz1hfrq1nx1gn2rnrfj21
^7‘ Eduur/ U1/ dqg [1 Vdod0l0Pduwlq/ 4<<81 Hfrqrplf Jurzwk1 PfJudz0Kloo/ Qhz
\run1
^8‘ Edvx/ V1/ 4<<91 Surf|folfdo surgxfwlylw|= Lqfuhdvlqj uhwxuqv ru f|folfdo xwlol}d0
wlrqB Txduwhuo| Mrxuqdo ri Hfrqrplfv 444/ :3<0:841
^9‘ Ehqdvv|/ M1 S1/ 4<<;1 Lv wkhuh dozd|v wrr olwwoh uhvhdufk lq hqgrjhqrxv jurzwk
zlwk h{sdqglqj surgxfw ydulhw|B Hxurshdq Hfrqrplf Uhylhz 75 +4,/ 9409<1
^:‘ Frroh|/ W1 I1/ dqg H1 F1 Suhvfrww/ 4<<81 Hfrqrplf jurzwk dqg exvlqhvv f|fohv1
Lq= W1 Frroh| +hg1,/ Iurqwlhuv ri Exvlqhvv F|foh Uhvhdufk1 Sulqfhwrq Xqlyhuvlw|
Suhvv/ QM/ ss1 406;1
^;‘ Julolfkhv/ ]1/ 4<;<1 Sdwhqwv= Uhfhqw wuhqgv dqg sx}}ohv1 Eurrnlqjv Sdshuv rq
Hfrqrplf Dfwlylw|1 Plfurhfrqrplfv/ 5<4064<1
5;
^<‘ Jurrw/ K1 O1 I1 gh/ dqg U1 Qdkxlv/ 4<<;1 Wdvwh iru glyhuvlw| dqg wkh rswlpdolw|
ri hfrqrplf jurzwk1 Hfrqrplfv Ohwwhuv 8;/ 5<405<81
^43‘ Jurvvpdq/ J1 P1/ dqg H1 Khospdq/ 4<<4d1 Lqqrydwlrq dqg Jurzwk lq wkh Joredo
Hfrqrp|1 Wkh P1L1W1 Suhvv/ Fdpeulgjh +Pdvv1,/ Fkdswhu 61
^44‘ Jurvvpdq/ J1 P1/ dqg H1 Khospdq/ 4<<4e1 Lqqrydwlrq dqgJurzwk lq wkh Joredo
Hfrqrp|1 Wkh P1L1W1 Suhvv/ Fdpeulgjh +Pdvv1,/ Fkdswhu 81
^45‘ Mrqhv/ F1 L1/ 4<<81 U)G0edvhg prghov ri hfrqrplf jurzwk1 Mrxuqdo ri Srolwlfdo
Hfrqrp| 436 +7,/ :8<0:;71
^46‘ Mrqhv/ F1 L1/ dqg M1 F1 Zlooldpv/ 4<<;1 Phdvxulqj wkh vrfldo uhwxuq wr U)G1
Txduwhuo| Mrxuqdo ri Hfrqrplfv 446/ 444<044681
^47‘ Mrqhv/ F1 L1/ dqg M1 F1 Zlooldpv/ 53331 Wrr pxfk ri d jrrg wklqjB Wkh hfr0
qrplfv ri lqyhvwphqw lq U)G1 Mrxuqdo ri Hfrqrplf Jurzwk 8 +4,/ 980;81
^48‘ Mrqhv/ O1 H1/ dqg U1 H1 Pdqxhool/ 4<<31 D frqyh{ prgho ri htxloleulxp jurzwk=
Wkhru| dqg srolf| lpsolfdwlrqv1 Mrxuqdo ri Srolwlfdo Hfrqrp| <;/ 433;06;1
^49‘ Nruwxp/ V1/ 4<<61 Htxloleulxp U)G dqg wkh sdwhqw0U)G udwlr= XV hylghqfh1
Dphulfdq Hfrqrplf Uhylhz ;6/ 78308:1
^4:‘ Qruuelq/ V1 F1/ 4<<61 Wkh uhodwlrqvkls ehwzhhq sulfh dqg pdujlqdo frvw lq XV
lqgxvwu|= d frqwudglfwlrq1 Mrxuqdo ri Srolwlfdo Hfrqrp| 434 +9,/ 447<044971
^4;‘ Urphu/ S1P1/ 4<<31 Hqgrjhqrxv whfkqlfdo fkdqjh1 Mrxuqdo ri Srolwlfdo Hfrqrp|
<; +Vxsso1,/ :404351
^4<‘ Vwrnh|/ Q1 O1/ 4<<81 U)G dqg hfrqrplf jurzwk1 Uhylhz ri Hfrqrplf Vwxglhv
95/ 79<07;<1
^53‘ Vhlhuvwdg/ D1/ dqg N1 V|gvØwhu/ 4<;:1 Rswlpdo Frqwuro Wkhru| zlwk Hfrqrplf
Dssolfdwlrqv1 Qruwk0Kroodqg/ Dpvwhugdp1
5<
